Using the finite element analysis program ABAQUS, a series of calculations on a cantilever beam, pile, and sheet pile wall were made to investigate the bending moment computational methods. The analyses demonstrated that the shear locking is not significant for the passive pile embedded in soil. Therefore, higher-order elements are not always necessary in the computation. The number of grids across the pile section is important for bending moment calculated with stress and less significant for that calculated with displacement. Although computing bending moment with displacement requires fewer grid numbers across the pile section, it sometimes results in variation of the results. For displacement calculation, a pile row can be suitably represented by an equivalent sheet pile wall, whereas the resulting bending moments may be different. Calculated results of bending moment may differ greatly with different grid partitions and computational methods. Therefore, a comparison of results is necessary when performing the analysis.
Introduction
As the finite element method (FEM) develops, pile foundations are increasingly being analyzed using FEM [1] [2] [3] [4] [5] [6] [7] [8] . Solid elements are used to simulate soil or rock in geotechnical engineering. Other structures embedded in soil such as piles, cut-off walls, and concrete panels are also often simulated with solid elements. However, internal force and bending moment are generally used for engineering design. So it is necessary to calculate the bending moment with stress and displacement obtained using FEM.
Theoretically, the following two methods are both appropriate.
(a) Calculating Bending Moment with Stress. The bending moment is directly calculated by summing the total moments of the elements across the specified pile section. When using this method, sufficient grids are necessary to partition the pile section.
(b) Calculating Bending Moment with Displacement. The bending moment is indirectly calculated using the quadratic differential of deflection (lateral displacement) of the pile. This method uses fewer grids, but the differential process will result in reduced accuracy.
The bending moment can also be obtained by integrating the area of the shear force diagram [9] which is a complex process and is not considered in this paper.
As we know, shear locking occurs in first-order (linear) fully integrated elements that are subjected to bending, while second-order reduced-integration elements can yield more reasonable results in this case and are often used in the analysis of piles subjected to lateral pressure [1] [2] [3] [4] 10] . However, calculating second-order elements is time consuming and increases complexity and computational effort, particularly when the problem involves contact conditions. So we consider that the linear element method with appropriate meshing is still useful for the analysis of piles.
A row of piles can be simplified as a plane strain wall (sheet pile wall) and modeled using 2D plane strain elements [11] [12] [13] . This simplification can greatly reduce computational effort. However, the influence of bending moment on the computational results merits further research.
In this paper, a series of calculations on cantilever beam, pile, and sheet pile wall examples were conducted to study the abovementioned problems. The main aim of the work was to investigate the computational methods for bending moment and the influences of element type and mesh partition. Hence, no interface element was introduced, that is, the pile was assumed to be fully attached to the soil, and the soil and pile were both assumed to have linear elastic behavior. 
Cantilever Beam Example
2.1. Analytical Solution. The cantilever beam example is shown in Figure 1 . The width of the square beam is 1 m. The length is 30 m. A distributed load = 0.5 kPa is applied to the beam. The analytical solution equations are
where = bending moment, = the position coordinate, = / , = the Young's modulus, = the moment of inertia, = − is the deflection of the beam, and = displacement in the direction.
The beam parameters are taken as Young's modulus = 2 × 10 4 MPa and Poisson's ratio ] = 0.17 in the computation. The element used in the FEM is the 4-node first-order plane stress element (CPS4). The following two methods were used to calculate the bending moment. 
Item
Horizontal displacement (m) 0.03647 (m) −0.00528 (a) Calculating Bending Moment with Stress. The bending moment was directly computed with the normal stress on the cross-section (see Figure 2 ):
where = normal stress at the centroid of the element, = corresponding area of the element, and = distance between the centroid and the midline of the beam section.
(b) Calculating Bending Moment with Displacement. The bending moment was calculated using the following quadratic differential of deflection [14] :
Equation (3) can be transformed into a difference scheme, and the bending moment was calculated by the difference operation of lateral displacement. Figure 3 is the comparison of the computed bending moment with analytically exact results, where is calculated using (1b) with the number of Journal of Applied Mathematics interpolation points being 10, 30, 60, and 120. This shows that the method used here achieved a good result for the bending moment.
Errors in Displacement and Bending Moment.
We used several meshes to do the computation. Grids along the length of the beam were 32, 64, and 128 (in the direction, see The errors in the tables are defined as
where = relative error of deflection, = relative error of bending moment, = calculated deflection using FEM, = analytically exact deflection from (1b), = calculated bending moment using FEM, and = analytically exact bending moment from (1a).
From Table 1 , we can see that the deflection using CPS4 is smaller than the analytical solution, which implies that the shear locking occurs with the first-order element. Shear locking can be easily overcome with second-order reduced-integration elements, that is, using fewer grids can produce approximately the same results (see Table 2 ). Although using the rectangular first-order element induces shear locking in the beam, we can still obtain a good result with sufficient partitions along the length of the beam; if we partition the beam lengthways in 128 elements, the relative error can be smaller than 3% (see Table 1 ). Table 3 and Figure 4 show the computational results of bending moment for the first-order element. They indicate that if the bending moment is to be calculated with stress, sufficient partitions across the cross-section are necessary. Fluctuation can lead to unreliable results when bending moment is calculated with displacement. The effect of variation is even stronger when increasing the grid density. The reason may be that the loss of accuracy occurs for each difference operation and the initial small error will be greatly magnified after two operations.
A similar calculation of bending moment was done using CPS8R. Figure 5 shows even more notable variation occurring for the bending moments calculated with displacement. 
Item
Horizontal displacement (m) 0.045113 −0.007570 Bending moment (kN·m) Figure 13 : Bending moment calculated with element C3D20R. Figure 6 shows a sheet pile wall subjected to a load = 1 MPa. The bottom of the domain and the pile tip are fully restrained from moving in any direction while both sides of the domain are restrained in the direction, while free in the direction. The length of the pile is the same as that of the above beam, 30 m, and the width is 1 m. We used different mesh partitions to do the calculation with the rectangular first-order element (CPE4).
2D Analysis of a Sheet Pile Wall
Since there is no analytical solution for this problem, referring to the above analysis of the cantilever beam, the results using a grid partition of 8 × 60, the 8-node plane strain element, reduced integration (CPE8R) were considered as "exact. " The displacement at the top of the wall, , and the maximum displacement in the middle, , are shown in Table 4 . The bending moment at the tip of the wall, , and the maximum bending moment in the middle, , are shown in Table 5 . Figure 7 shows the distribution of bending moment calculated along the wall. Though a small variation occurs in the bending moment distribution calculated with displacement (CPE8R-8-60-W), it is quite close to that calculated with stress (CPE8R-8-60-Y).
The calculated results using CPE4 are presented in Tables  6 and 7 and Figures 8, 9 , and 10. The relative errors in the tables are relevant to those calculated with CPE8R. We find that the displacements calculated with first-order elements are smaller than those with 8-node elements, reduced-integration, whereas the values are close if they have the same partition (8 × 60) along the height of the wall, which implies that the shear locking is not distinct as for the cantilever beam. The bending moments calculated with displacement approximate those with stress and have insignificant variation. However, if the wall is suspended in the soil, obvious variation occurs for the element CPE8R as shown in Figure 11 . Figure 12 shows a pile and its surrounding soil in 3D view. The length of the pile is 30 m, and the width of the square pile is 1 m, which is also the same as that of the above-mentioned beam. The width of the computational domain is 9 m. The applied load, material properties, and boundary conditions are the same as those of the abovementioned sheet pile wall.
Pile Examples

3D Analysis of a Pile.
3-D analyses were made with different mesh partitions of the pile shaft. The results with a grid partition of 8 × 60, a 20-node brick element and reduced integration (C3D20R) were considered as "exact". Displacement at the top of the pile, , and maximum displacement in the middle, , are shown in Table 8 , while the bending moment at the tip of the pile, , and maximum bending moment in the middle, , are shown in Table 9 . Figure 13 is the distribution of moment calculated along the pile. Again, the moment calculated with displacement (C3D20R-8-60-W) is close to that calculated with stress (C3D20R-8-60-Y) and insignificant variation is found. The calculation results with first-order element (C3D8) are presented in Tables 10 and 11 and Figures 14, 15, and 16 . The relative errors in the tables are relevant to those calculated with C3D20R. As before, displacements calculated with firstorder elements are smaller than those with C3D20R and the values are close if they have the same partition (8 × 60) along the length of the pile. Bending moments calculated with displacement approximate those with stress and have insignificant variation. This indicates that the response of the pile is similar to that of the above-mentioned wall for displacement and bending moment computations. Figure 17 shows the cross-section of the piles of a bridge and a polder dike. Figure 18 shows one of the meshes for the computation.
Journal of Applied Mathematics
3-D Analysis of Piles for a Bridge Abutment.
The length of the computational domain is 700 m and the width is 60 m, which equals the abutment span. The elevation of the ground surface is −5.3 m, the elevation of the bottom of the domain is −120 m, and the elevation of the pile tip is −90 m. Each round pile is represented by an equivalent square pile with a width of 1.33 m, and the four piles are connected by a pile cap (see Figure 18(b) ). The flyash is filled to 4.63 m (see Figure 17 ). The weight of the dike and the flyash was simulated with a distributed load acting on the ground surface, respectively. The effective unit weight of the dike is 18 kN/m 3 above the water level and 11 kN/m 3 below the water level. The effective unit weight of the flyash is 13.5 kN/m 3 and 5.9 kN/m 3 , respectively. Again, linear elastic model was used to simulate the soil and the pile. The parameters of the soil strata are presented in Table 12 , while Young's modulus and Poisson's ratio for the pile are the same as those of the above-mentioned sheet pile wall. Five meshes (M1 to M5) were used to make the computation. The partitions of the piles and the total number of elements and nodes in each mesh are listed in Table 13 . Mesh M3 has the most number of elements and nodes and the most grids (4×42) for the pile. Again, the results for M3, a 20-node brick element with reduced integration (C3D20R-M3), were considered as "exact" to calculate the relative errors.
The calculated displacements with different meshes and element types are presented in Table 14 and the distributions are shown in Figure 19 . The results agree closely with each other, that is, with fewer linear elements, one can achieve satisfactory displacement results. Figure 20 shows the distribution of bending moment with C3D20R-M3. As a whole, the moment calculated with displacement (C3D20R-M3-W) is similar to that calculated with stress (C3D20R-M3-Y). However, notable variation occurs for the moment calculated with displacement, particularly at the upper part of the pile. Figure 21 shows the bending moment calculated with stress obtained from element type C3D8 and meshes M1, M2, M3, and M5. Mesh M4 has no partition across the pile section so we cannot calculate the bending moment. It is obvious that the results for M3 and M2 are closer to that of C3D20R-M3 than for M1 and M5. Mesh M5 has only two grids across the pile section, and the moment calculated for M5 is unreliable and quite different from other results. Figure 22 shows the bending moment calculated with displacement. It is found that unlike C3D20R, the distribution has insignificant variation for the linear element (C3D8) with different meshes and agrees closely with each other, which implies that calculations with linear elements may produce fewer and smaller fluctuations than high-order elements in this case.
2-D Analysis of a Pile Row.
Generally, a pile row can be replaced by a sheet pile wall with stiffness chosen as the average of the pile stiffness and that of the soil between the piles [11] [12] [13] 
where = equivalent modulus of the sheet pile wall, = moment of inertia of the sheet pile wall, , = Young's moduli of the pile and the soil, respectively, and , = moments of inertia of the pile and the soil, respectively.
If the piles are at a spacing of and each pile is squared with a width of , the equivalent modulus can be = + ( − ) . "-D" denotes that the 2-D analysis was conducted with the equivalent modulus of the piles and (× / ) denotes that the bending moment was modified by multiplying by / . It is found that the calculated displacements of the "equivalent sheet pile wall" are in close agreement with that of the pile row. However, the results for the bending moment show some difference, particularly at the fixed tip of the pile. 
Bending moment (kN·m) Figure 21 : Bending moments calculated with stress.
Conclusions
The bending moment computational methods for piles were investigated using a series of calculation examples in this study, and the following conclusions were reached.
(1) Compared to a cantilever beam, shear locking is not significant for the passive pile embedded in soil, so higher-order elements are not always necessary for the computation. Computation with first-order (linear) elements and appropriate grid partition can produce similar good results as for higher-order elements.
(2) The number of the grids along the length of the pile plays an important role in the analysis. With an increase in grid number, the calculated displacement and bending moment are closer to theoretical results. Increasing the grid number across the pile section is helpful for increasing the accuracy of the bending moment calculated with stress, while it has insignificant influence on displacement and the related bending moment calculation.
(3) Calculating bending moment with stress can produce good results, but many grids are needed to partition the pile section. Calculating bending moment with displacement needs fewer grids across the pile section, but it may result in fluctuations of the results, especially for the cantilever beam presented in Section 2. The reason may be that the bending moment calculated with stress corresponds to the "integration" operation of stress, while the bending moment calculated with displacement corresponds to the "difference" operation of displacement. The difference operation may amplify the error, and the initial small error will be greatly magnified after two operations. Consequently, if the fluctuations of bending moment calculated with displacement are evident, it is suggested that the bending moment should be calculated with stress.
(4) When calculating the displacements of the piles, a pile row can be suitably represented by an equivalent sheet pile wall which has the same flexural stiffness per unit width as the piles and the soil it replaces. The displacements of the wall can agree closely with that of the pile row, while bending moments may differ from each other.
(5) A special attention should be given to meshing and the computational method for bending moment. Calculated results may differ greatly with different grid partitions and computational methods. Comparison of results using different meshes is necessary when performing the analysis.
It should be noted that, in order to clearly reveal the influences of element type and mesh partition, only linear elastic model was used in this study to simulate the soil and the pile. Obviously, introduction of constitutive models for the analysis of actual soil and pile will further complicate the problem, and thus, more attention should be paid to the calculation methods of bending moment. 
Notation
CPS4:
4-node plane stress element CPS8R:
8-node plane stress element, reduced-integration CPE4:
4-node plane strain element CPE8R:
8-node plane strain element, reduced-integration C3D8:
8-node brick element C3D2R: 20-node brick element, reduced-integration --or × : Computation made with grids across the cross-section, and grids along the length of the pile shaft -M1:
Computation made with mesh M1 -W:
Bending moment calculated with displacement -Y:
Bending moment calculated with stress -D:
Computation of the equivalent sheet pile wall made with equivalent modulus -W-:
Bending moment calculated with displacement and stiffness of the pile shaft ( ) -Y-/ :
Bending moment calculated with stress and modified by multiplying by / CPE4--:
Computation made with element CPE4 and the mesh division of the pile shaft being × C3D8-M1:
Computation made with element C3D8 and mesh M1 :
Displacement at the top of the pile :
Maximum displacement at the middle of the pile :
Bending moment at the tip of the pile :
Maximum bending moment at the middle of the pile.
